ABSTRACT. The aim of this note is to study the class of one dimensional Cohen-Macaulay local rings, (R, m) say, possessing a canonical ideal K which is a reduction of m. We call R to have canonical reduction K. We show that the class of rings with canonical reductions contains the class of almost Gorenstein rings and establish its relation with rings obtained by idealizations and also with numerical semigroup rings.
INTRODUCTION
The aim of this paper is to study one dimensional Cohen-Macaulay local rings possessing canonical ideals which are reductions of the maximal ideals. The main motivation comes from the fact that an almost Gorenstein ring (R, m) with infinite residue field is a ring with canonical reduction (see Theorem
2.8).
In [1] , Barucci and Fröberg, (1997) , introduced the class of almost Gorenstein rings which is a subclass of one-dimensional analytically unramified rings. This concept has been generalized to Cohen-Macaulay local rings, studied in details by Goto et.al [7] , [9] and [10] . The theory is still developing (see [2] and [6] ) introducing new classes of rings such as 2-almost Gorenstein local (2-AGL for short) and generalized Gorenstein local (GGL for short) rings.
Throughout (R, m) is a Noetherian local ring with maximal ideal m. Set e 0 m (R) as the multiplicity of R with respect to m, r (R) the Cohen-Macaulay type of R, and set ℓ(M) for the length of an R-module M.
The organization of the paper is as follows. In the second chapter we seek some facts about onedimensional Cohen-Macaulay and almost Gorenstein local rings. We establish a formula for multiplicity of a ring with infinite residue field which is interesting when the ring is almost Gorenstein. Also we will find some properties which are basic for our approach in the coming chapters.
In the third chapter, we focus on maximal canonical ideals and improve a result of Herzog and Kunz [13, Satz 2.8] (see Proposition 3.3 (b)). Next we deal with our main target the class of "rings with canonical reductions" and show that almost Gorenstein rings with infinite residue fields have canonical reductions. In case R admits a canonical reduction, it is shown in Proposition 3.6 that ℓ(R/K) is an invariant for R. We will observe that why canonical reductions are significant among the set of canonical ideals (see Theorem 3.7), and find a characterization for a generalized Gorenstein ring to possess a canonical reduction (see Proposition 3.9) . It is proved in Proposition 3.8 that a non-almost Gorenstein ring with minimal multiplicity does not possess a canonical reduction. We end the chapter by presenting a characterization for a numerical semigroup ring to have a canonical reduction.
In chapter four, for a maximal Cohen-Macaulay R-module M, some equivalent conditions for R ⋉ M to have a canonical reduction have been discussed. We also give a characterization for rings to admit a canonical reductions in Theorem 4.3.
The fifth chapter explains the interplay between canonical reductions and Ulrich ideals.
PRELIMINARY
We begin by recalling the definition of Loewy length and the reduction numbers of an ideal of a ring R with respect to a particular ideal. We will explain e 0 m (R) in terms of the Loewy length of a canonical ideal with respect to m in Proposition 2.8.
Definition 2.1. For two ideals I and J of R with √ J = √ I, the Loewy length of J with respect to I is defined as ℓℓ I (J) = min{m | I m+1 ⊆ J }.
If I and J are two proper ideals of R such that J ⊆ I, then J is said to be a reduction of I if I n+1 = JI n for all n ≫ 0. We set red I (J) = min{n ∈ N | I n+1 = JI n } and call it as the reduction number of I with respect to J. The symbol red (I) = min{ red I (J) | J is a reduction of I} stands for reduction number of I.
The following result shows the impact of the Loewy length of an ideal. Assume that m 2 = Im. As t is the Loewy length of I, there exists a chain of ideals
which yields the relation
As ℓ(R/(I : m t )) = ℓ(R/m) = r (R/(I : m t )) = 1, the formula is justified.
Note that, for a Cohen-Macaulay local ring (R, m) with infinite residue field, [15, Theorem 8.6 .3 and Corollary 8.5.9] guarantee the existence of a reduction ideal q of m, with q is generated by a superficial sequence which is also a regular sequence.
Corollary 2.3. Assume that (R, m) is d-dimensional Cohen-Macaulay local ring with infinite residue field. Let q be a reduction ideal of m, generated by a superficial sequence for m, which is also a regular sequence on R. Then e 0 m (R) = r (R) +
Proof. By our assumptions dim(R/q) = 0 and r (R/q) = r (R). Therefore by Lemma 2.2 we have
r (R/(q : m i )). As q is a reduction of m, we have e 0 m (R) = ℓ(R/q) (e.g. [7, Lemma 2.1]). Now the result follows.
Lemma 2.4. Assume that (R, m) is a one-dimensional Cohen-Macaulay local ring and that K is a Gorenstein ideal of R of height
The result follows.
In the reminder of this section we investigate some facts about one dimensional almost Gorenstein rings. We refer to the following result. the reduction number of a canonical ideal is an invariant denoted by ρ(R) and called the canonical index of R (see [4, Definition 4.2] ). It is proved in [7] , that R is Gorenstein if and only if ρ(R) = 1. Recall that R is said to have minimal multiplicity if µ(m) = e 0 m (R). When R/m is infinite, this is equivalent to say m 2 = xm for some reduction element x ∈ m. In this case, R has minimal multiplicity, if and only if e 0 m (R) = r (R) + 1.
Remark 2.6. Assume that (R, m) is a one-dimensional Cohen-Macaulay local ring with infinite residue field admitting a canonical ideal K. Let ρ(R) = 2 and set x ∈ K as a reduction of K. then the ideal a = (x : K) is independent from a particular canonical ideal K and a reduction element x by [2, Theorem 2.5]. Moreover, by [2, Proposition 2.3], K 2 ⊆ xR which means K 2 = xJ for some proper ideal J of R. We list some statements with their sketch of proofs. Corollary 2.7. Assume that (R, m) is a one-dimensional Cohen-Macaulay local ring admitting a canonical ideal K such that ρ(R) = 2 and ℓ(R/K) = 3. Then R is almost Gorenstein and the followings are equivalent.
(i) K is a reduction of m.
(ii) e 0 m (R) > r (R) + 1. (iii) R does not have minimal multiplicity.
, where x ∈ K is a reduction of K, and R is almost Gorenstein. This would prov the first part. 
Next proposition illuminates some special properties of almost Gorenstein rings which will be discussed in the coming chapters. (a) For each regular element x ∈ m, there exists a canonical ideal J for R, depending on x, such that x ∈ J and J/xR is a vector space over R/m. (b) R admits a canonical ideal which is a reduction of m.
(c) If K is a canonical ideal of R which is a reduction of m, then
Proof. (a). In case R is Gorenstein, the ideal J := xR satisfies the required property for any regular element x. So we assume that R is an almost Gorenstein ring which is not Gorenstein. Assume that K is a canonical ideal of R and that ω ∈ K is a reduction of K. By Theorem 2.5, we have mK = ωm. Assume that x is a regular element of R. As xK ⊆ ωR we have xK = ωJ for some ideal J of R. Hence we have ωJm = xKm = xωm which means Jm = xm and J/xR is a vector space over R/m. Note that J ∼ = K, therefore J is a canonical ideal of R which contains x.
(b). There is a superficial element x ∈ m which is a reduction of m. Now the result follows by (a). 
for each i, 1 ≤ i ≤ s and so the equality follows.
When R admits a canonical ideal, we pay attention to the maximal canonical ideals of R. We set
Proposition 2.9. Assume that (R, m) is a one dimensional Cohen-Macaulay local ring with infinite residue field admitting a canonical ideal and that ρ(R) = 2. Then a = Σ I∈C R I and µ(a) ≥ s + 1, where
Proof. As depth (R) > 0, we can choose a minimal system of generators x 1 , x 2 , . . . , x n for m such that µ(m) = n and x i is R-regular for each i, 1 ≤ i ≤ n. As ρ(R) = 2, by [6, Proposition 2.1], I 2 ⊆ xR and I ⊆ (x : I) = a which is unique up to existence as mentioned in Remark 2.6 for all I ∈ C R . Therefore Σ I∈C R I ⊆ a. Also if K is a canonical ideal of R with reduction element x ∈ K, then for each a ∈ a there exists a canonical ideal J of R such that aK = xJ and so a ∈ J. Hence a ⊆ Σ I∈C R I.
Let K be a canonical ideal of R. First note that if K = (x : K), then, by 2.6, we have K 2 = Ka = xa = xK and so R is Gorenstein by [7, Theorem 3.7] . Therefore
. Continuing in this way will lead us to the existence of a finite set of elements a 1 , . . . , a n all of which are R-regular such that µ(a) = (a 1 , . . . , a n ) + K. As µ(a/K) = s, there exist b 1 , . . . , b s ∈ {a 1 , . . . , a n } such that a = (b 1 , . . . , b s ) + K. As for all i, 1 ≤ i ≤ s, b i is regular element of R, the result follows by the same proof as in Proposition
2.8(a).
Note that when R is almost Gorenstein, then ρ(R) = 2 [7, Theorem 3.16 ]. The next corollary gives a characterization for almost Gorenstein rings. (a) R is almost Gorenstein.
Proof. It is straightforward by Proposition 2.9.
Remark 2.11. Assume that (R, m) is a one-dimensional almost Gorenstein local ring with infinite residue field and that R has minimal multiplicity. Let K be a canonical ideal of R which is a reduction of m, as described in Proposition 2.8 (b). For each reduction element x ∈ K of R, one has ℓ(R/K) ≥ 2 and ℓ(K/xR) ≥ r (R) − 1. As
we have ℓ(R/K) = 2. In this situation, we get min{µ(m/K) | K is a canonical ideal of R} = 1. The set of all maximal canonical ideals of R is denoted by Max (C R ). The importance of maximal canonical ideals will be exposed after the following lemma.
Lemma 3.1. Assume that (R, m) is a one-dimensional Cohen-Macaulay local ring. Let I be a canonical ideal of R. If J is an ideal of R such that I ⊆ J, then µ(I : J) = r (J).
Proof. Set E = E R (R/m) the injective hull of R/m. We have the natural exact sequence
As R/I is Gorenstein, Hom R (R/J, E) ∼ = T /I for some proper ideal T of R and Hom R (J/I, E) ∼ = T /I. By The following proposition shows that every canonical ideal of R which is not contained in m 2 is a maximal canonical ideal of R. Proof. (a). Assume that T is a canonical ideal of R properly containing I. As r (T ) = 1, by Lemma 3.1, µ R (I : T ) = 1. One may write (I : T ) = aR for some regular element a ∈ m. As I ⊆ (I : T ) = aR, there is an ideal J such that I = aJ and consequently J is a canonical ideal of R. As R is non-Gorenstein, J is a proper ideal and so I ⊆ m 2 . As I is Gorenstein ideal of R, T = (I : a) = (aJ : a) = J.
(b). As x ∈ K, xJ ⊆ K and so by (a) there exists y ∈ m such that xJ = yK.
(c). Let T ⊆ m 2 be a maximal element of C R . As R/m is infinite, there exists x ∈ m such that m 2 = xm.
Therefore T = xJ for some canonical ideal J of R, which contradicts with T ∈ Max (C R ).
Next example shows that maximal canonical ideals may not have the equal lengths.
. Then e 0 m (R) = 3, R has minimal multiplicity with m 2 = t 3 m, R is almost Gorenstein, and K = (t 3 ,t 4 ) is a canonical ideal of R with ℓ(R/K) = 2. Hence K is a maximal canonical ideal of R. Set I = (t 4 ,t 5 ), then t 6 K = t 6 (t 3 ,t 4 ) = t 5 (t 4 ,t 5 ) = t 5 I which means I is a canonical ideal of R. As t 5 ∈ I, one has I m 2 which means I is a maximal canonical ideal by Proposition 3.3, while the exact sequence
Now we are ready to define the concept of rings with canonical reduction. Let R be a one-dimensional Gorenstein ring with infinite residue field. Then R admits a reduction element x which is also R-regular. As xR is a canonical ideal of R, every one-dimensional Gorenstein local ring with infinite residue field admits a canonical reduction. Also Proposition 2.8 (ii) shows that every one-dimensional almost Gorenstein local ring with infinite residue field admits a canonical reduction.
There is no general information in case the residue field R/m is finite. Note that [7, Remark 2.10] indicates that the ring
is almost Gorenstein in the sense of The following result shows that the min(S C R ) assigns canonical reduction when it equals to two. Next proposition shows that, a ring with minimal multiplicity admits a canonical reduction if and only if it is almost Gorenstein. 
Proof. (a)
. Choose x ∈ K as a reduction of m and set e := e 0 m (R) and r = r (R). Assume that e 0 m (R) = r (R) + 1. We have, by Proposition 3.6, ℓ(R/K) ≤ e − r + 1 = r + 1 − r + 1 = 2. As ℓ(R/K) > 1, ℓ(R/K) = 2. Therefore r + 1 = e = ℓ(R/K) + ℓ(K/xR) = 2 + ℓ(K/xR) which means ℓ(K/xR) = r − 1 and R is almost Gorenstein.
The converse is clear as e = ℓ(R/xR) = ℓ(R/K) + ℓ(K/xR) = 2 + r − 1 = r + 1.
(b). We may write K 2 = xI for some ideal I. We have K ⊆ I ⊆ m. Since R is not Gorenstein and ℓ(m/K) = 1, we get K 2 = xm. Therefore mK 2 = xm 2 ⊆ xK which means R is almost Gorenstein. (i) R has a canonical reduction.
By Proposition 3.8, if R is a non-almost
(ii) R has a canonical ideal K such that, for some regular element a ∈ K, (a : K) is a reduction of m.
(b) Assume that ρ(R) = 2 and a = (x : K) for some K ∈ C R and x ∈ K is a reduction of K. Then R has canonical reduction if and only if a is a reduction of m.
Proof. (a). (i)⇒(ii).
Assume that K is a canonical ideal of R which is a reduction of m. As R/m is infinite, there exists x ∈ K which is a reduction of m. As xR ⊆ (x : K), (x : K) is also a reduction of m.
(ii)⇒(i). By assumption, there exists x ∈ (a : K) which is a reduction of m. As xK ⊆ aR, one may write xK = aJ for ideal J of R. Therefore J is a canonical ideal of R. As J = R, J is a reduction of m.
(b). Assume that R has a canonical reduction K. If x ∈ K is a reduction of K then a = (x : K) is a reduction of m. Now assume that a is a reduction of m. Then by (a), since a = (x : K) for any canonical ideal K and any reduction x ∈ K of K, R has a canonical reduction.
Notation 3.10. Assume that k is an infinite field. Let a 1 , . . . , a n ∈ Z such that 0 < a 1 < a 2 < · · · < a n and let Γ = a 1 , a 2 , . . . , a n be the numerical semigroup generated by a 1 , . . . , a n . The subring R := Proof. For " if " part, note that by assumption t f +a 1 T ⊆ R and t a 1 ∈ t f +a 1 T . Therefore t f +a 1 T is a canonical reduction of m.
For " only if " part, assume that I is a canonical reduction of R. By Proposition 3.3, xI = yT for some x, y ∈ R. Let b ∈ I such that xb = yt − f , then y = xbt − f and therefore I = bt f T . As R ⊆ t f T ⊆ R, by [7, Corollary 2.8] , b ∈ I is a reduction of I . Since I is a canonical reduction, b is also a reduction of m.
λ i t g i , λ i ∈ k for all i, and that m s+1 = m s b. Therefore t a 1 (s+1) ∈ m s b which means g j = a 1 for some j, 1 ≤ j ≤ h, because a 1 ≤ a i for all i, 1 ≤ i ≤ n. Without loss of generality, we can assume that a 1 = g 1 and hence we may write, after multiplying by λ −1
The last equality means f + a 1 − α ∈ Γ for all α ∈ V, as desired.
Example 3.12. Let e ≥ 4 and choose i, j ∈ N with 0 < j − 1 ≤ i < e − j. The numerical semigroup ring (i) R ⋉ M admits a canonical ideal I × L.
(ii) M admits a submodule L which is a canonical module of R such that Hom R (M/L, E) ∼ = R/I for some ideal I of R of height one. (iii) R admits a canonical module K R and M ∼ = Hom R (I, K R ) for some ideal I of height one.
Proof. (i)⇒(ii). As
is a Gorenstein ring, M/L is the canonical module of the zero dimensional ring R/I and so Hom R (M/L, E) ∼ = R/I. Let x ∈ m be a regular element of R so
Then, for every (r, w) ∈ m × M, we have (r, w)(0,t) = (0, rt)
which means r (L/xL) = 1 and L is a canonical ideal of R.
(ii)⇒(i). As Hom R (R/I, E) ∼ = M/L, M/L is a canonical ideal of R/I and therefore
If (ā,b) ∈ Soc ((I/xI)× (L/xL)) then, for each r ∈ m, (rā, rb) = (0, 0) which meansā ∈ Soc (I/xI) and b ∈ Soc (L/xL). Assume thatā = 0. As L/xL is a canonical module ofR := R/xR, Hom R (R/aR, L/xL) = 0 and so there existsl ∈ L/xL such thatāl = 0. Hence (ā,b)(0, l) = (0,āl) = (0, 0) which is a contradiction because m × M is the maximal ideal of R ⋉ M and (ā,b) ∈ Soc ((I/xI) × (L/xL)).
and the result follows.
(iii)⇒(ii). Follows by the result of Goto-Matsuoka-Phuong, [7, Proposition 6.1] .
Lemma 4.1 shows that, in order to study idealizations of R that admits canonical ideals, it is enough to consider idealizations of the form R ⋉ Hom R (I, K R ), where I is a height one ideal of R and K R the canonical module of R.
The next proposition shows that when an idealization of R has a canonical reduction. (ii) M ∼ = Hom R (I, K R ) and I is a reduction m.
Comparing the first summands, gives m t+1 = Im t that is I is a reduction of m. (i) R has a canonical reduction K.
(ii) R ⋉ I has a canonical reduction for any ideal I containing K.
(iii) R ⋉ m has a canonical reduction.
(iv) R ⋉ R has a canonical reduction.
Proof. (i)⇒(ii). Let I be an ideal of R containing K, j the inclusion map from K to I. Consider the
each element f ∈ Hom R (I, K) corresponds to some r ∈ R depending on f .
On the other hand, for each a ∈ K, consider f a ∈ Hom R (I, K) such that f (x) = xa for all x ∈ I.
Therefore j * ( f a ) corresponds to a. In other words, ψ • j * (Hom R (I, K)) contains K. Note that the ideal T := ψ • j * (Hom R (I, K)) is a proper ideal since K is a maximal canonical ideal by Proposition 3.6. As K is a reduction of m, T is also a reduction of m. Now, by Proposition 4.2, R ⋉ Hom R (Hom R (I, K), K) ∼ = R ⋉ I has a canonical reduction.
(ii)⇒(iii). Clear since K ⊆ m. 
As L is a Gorenstein ideal of R we have Hom R (R/L, E) ∼ = R/L and so Hom R (R/m,
As L is canonical ideal of R, Theorem 3.7 (a) implies that mL = m(L : m). Putting together, we find mL = mI. As I is a reduction of m so is L. 
In order to calculate the canonical index of A, we compare (m × L) t+1 and (
(ii) A is not Gorenstein. Otherwise, by [7, Theorem 3.7] , we equivalently have mL = xL that is
CANONICAL REDUCTION AND ULRICH IDEALS
The notion of Ulrich ideals and modules has been introduced as a special case of well-behaved maximal Cohen-Macaulay modules. Assume that (R, m) is a one-dimensional Cohen-Macaulay local ring.
Then an m-primary ideal I of R is said to be an Ulrich ideal if I 2 = xI for some regular element x ∈ I and I/I 2 is a free R/I-module (see [ Here we bring an auxiliary lemma.
Lemma 5.1. Assume that (R, m) is a one-dimensional Cohen-Macaulay local ring with infinite residue field, admitting a canonical ideal K and that x ∈ K is a reduction element of K. Let I be an m-primary Ulrich ideal with µ(I) > 2.
If I admits a reduction among canonical ideals of R then (x : K) is a reduction of I. The converse holds true if ρ(R) = 2. When this is the case, I = (x : K) and R is a generalized Gorenstein ring with respect to I.
Proof. Set a := (x : K). First note that a ⊆ I by [10, Corollary 2.13]. Assume that I admits a reduction T ∈ C R . We have xT ⊆ K. By Proposition 3.3, xT = bK for some b ∈ T . It follows that b is a reduction of T . As T is a reduction of I, so is b. Hence (x : K) is a reduction of I because b ∈ (x : K).
To prove the converse, assume that ρ(R) = 2 and that a is a reduction of I. Let c ∈ a be a reduction a. Then there exists a canonical ideal J of R such that xJ = cK, which means c ∈ J. We have, by Remark 2.6, J ⊆ a and so J is a reduction of a. Hence J is a reduction of I.
For the second part, assume that ρ(R) = 2 and that I admits a reduction K among canonical ideals of R. As K ⊆ (x : K) = a ⊆ I, we may assume that x is, simultaneously, a reduction for K, a and I. As I 2 ⊆ xR and K ⊆ I, IK ⊆ xR and so I ⊆ (x : K) ⊆ I, which means I = a. It remains to show that R is generalized Gorenstein.
As ρ(R) = 2, [2, Proposition 2.5] (2) and [6, Theorem 2.3] implies that R is generalized Gorenstein if and only if K 2 /x 2 R is free R/a-module. Note that K 2 ⊆ xR. By Remark 2.6, K 2 = xJ for some proper ideal J of R where K : (x : K) = J. As a is Ulrich ideal, a 2 ⊆ K and so a = (x : K) ⊆ J, which means K 2 = x(x : K) = xa = a 2 . Now, as a/xR is free R/a-module, we have K 2 /x 2 R = xa/x 2 R ∼ = a/xR and the result follows by [8 Proof. Let J be a canonical ideal of R. Set x ∈ J as a reduction of J and a = (x : J). As R is a 2-AGL ring, ℓ(R/a) = 2 by [2, Proposition 3.3] . By [11, Proposition 2.3] (1), J/xR is free over R/a which means R is a generalized Gorenstein local ring with respect to a. Therefore, by Proposition 3.9, it is enough to prove that a is a reduction of m. By [11, Proposition 2.3] , µ(a) = µ(m) − 1 while ℓ(R/a) = 2. Hence the exact sequence 0 −→ a/ma −→ m/ma −→ m/a −→ 0 implies that ℓ(m/ma) = µ(m) = ℓ(m/m 2 ), which implies that m 2 = am, that is a is a reduction of m.
Assume that R is a 2-AGL ring with minimal multiplicity, K is a canonical ideal of R, and that x ∈ K is a reduction of K. If K/xR is free R/(x : K)-module then, by [11, Theorem 1.2], (x : K) is Ulrich ideal while R does not have a canonical reduction by Proposition 3.8.
The ring R in [11, Example 2.9] is a (2-AGL ) generalized Gorenstein local ring with respect to an Ulrich ideal. In this case, R has a canonical reduction.
One may raise the following question.
Question 5.4. Assume that (R, m) is a one dimensional Cohen-Macaulay local ring, admitting a canonical ideal, and that ρ(R) = 2. Let R be generalized Gorenstein with respect to an Ulrich ideal and R does not have minimal multiplicity. Does R admit a canonical reduction?
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